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Abstract We introduce an iterative procedure for finding a point in the zero set (a solution
to 0 € A(v) and v € C) of an inverse-monotone or inverse strongly-monotone operator A
on a nonempty closed convex subset C in a uniformly smooth and uniformly convex Banach
space. We establish weak convergence results under suitable assumptions.
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1 Introduction

Let X be a Banach space with dual space X* andlet A: X — X™ be a point-to-point operator
and C be a nonempty closed convex subset of X. The problem of finding v € X such that

Av=0andv e C (1.1

is connected with convex minimization problems and variational inequalities (see Lemma
2.2). Iterative methods for finding a point verifying Eq. 1.1 have been extensively studied in
[5,7,12,13] and references therein, where the operator A is single-valued or set-valued. The
inverse-monotonicity of the nonlinear operators A and strong-nonexpansion of the resolvents
A$ of A, etc., discussed in this paper are generalizations of inverse-strong monotonicity and
nonexpansion of operators in Hilbert spaces (see [5,8,11] for details).

For each « € (0, 00) we consider the operator A5 : X — X defined by

A8x = g% (g'(x) — aAx) (1.2)
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(see [5]), where g is a lower semicontinuous and proper convex function, g*’ is the derivative
of Fenchel conjugate of g, and g and g* are Gateaux differentiable on X and X*, respectively.
Butnariu and Resmerita [5] considered the following iterative process:

Choose x¢ € C and define x4 = H‘é o Afx,, VneN, (1.3)

where H‘g denotes the Bregman projection of x on C with respect to g, and “o” means the
composition operation of the operators H‘é and AS. When A is inverse-monotone and weakly
sequentially continuous, or it is inverse strongly-monotone, it is shown in [5] that the weak
accumulation points of the sequence generated by (1.3) are solutions of Eq. 1.1.

On the other hand, Kamimura, Kohsaka and Takahashi [9] studied the following algorithm
in a smooth and uniformly convex Banach space for finding a point in the zero set of a maximal
monotone operator 7'; namely,

Xnpt = J N0 J () + (1 — )T (S x0)), n=1,2,..., (1.4)

where J, = (J +rT)~'J, J is the duality mapping of X and the sequences {a,}, {r,} of real
numbers are chosen appropriately.

In [11], when X is a uniformly smooth and uniformly convex Banach space, the authors
studied the problem finding v € X satisfying v € T~'10 N A~'0N C, where A is an inverse-
monotone operator and 7 is a maximal monotone operator. To this end, they proposed a
hybrid method of extragradient method and proximal point algorithm as follows:

xo=x¢€C,

Yo =Tcd 7' () — aAxy),

in = J! (Bud (xp) + (1 — ,Bzz)J(Jr,,Yn)),
Xpp1 =ezp, n=1,2,...,

(1.5)

where [ is shortening of H‘é in the case g = %H . ||2. When B, =r, = 0, the iterative (1.5)
reduces to (1.3) with g = %H - |I%. In this paper, we consider only the generalization of the
iterative process (1.2) for solving the equation v € A~'0N C.

Motivated by (1.3) and (1.4), we propose an iterative scheme for finding a zero of an
inverse-monotone operator A: X — X* relative to g = %II - ||% on a closed convex subset C
of X in the case when X is a uniformly smooth and uniformly convex Banach space:

xg,x1 € C,
in = J_l((l = B)J (Agxn) + BnJ (Agxn—1)), (1.6)
Xpp1 =Tlczy, n=1,2,...,

where xg, x;1 € C, B, € [0, 1), and I[1¢c and A, are shortening of H‘g and AS whenever
g = %H - ||?. We prove that the sequence generated by (1.6) converges weakly to a solution

of Eq. 1.1 under suitable assumptions.
When g, = 0, the algorithm (1.6) reduces to (1.3).

2 Preliminaries
Suppose that X is a reflexive Banach space with dual space X*, and the norms on X and

X* are denoted by | - || and | - ||«, respectively. As usual, we denote the duality pairing
of X* and X by (x*, x) or (x, x*), where x* € X* and x € X, and — and — denote the
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strong convergence and the weak convergence of a sequence in X, respectively. Also, we use

w — lim x, to denote the weak-limit of a sequence {x,} of X. Denote by R and N the set of
n—o0

all real numbers and the set of all nonnegative integers, respectively.

Let S = {x € X | ||x|| = 1} denote the unit sphere of a Banach space X. A Banach space
X is said to be uniformly convex if, for any ¢ € (0, 2] there exists § > O such that, for any
x,y €S,

=yl 2 e implies [F 22 <1 -5,

A Banach space X is said to be strictly convex if, forany x, y € Sand x # y, || % | < 1.
The norm on X is said to be Gateaux differentiable if the limit

i 121 — ] o
t—0 t
exists for each x, y € S and in this case X is said to be smooth. X is said to have a uniformly
Frechet differentiable norm if the limit (2.1) is attained uniformly for x, y € S and in this
case X is said to be uniformly smooth.

The related properties of the strict (uniform) convexity, (uniform) smoothness of Banach
spaces can be found in [2]. For instance, X is uniformly convex if and only if X* is uniformly
smooth, which implies that X is reflexive; if X is a reflexive Banach space, then X is strictly
convex if and only if X* is smooth and X is smooth if and only if X* is strictly convex.

The duality mapping J: X = X* is defined by

J(x) = {x* € X* | (¢, x) = |x*)12 = x|}, VxeX;
the duality mapping J*: X* = X is defined by
J*a) = {x € X | (x,x*) = |x|* = [Ix*|I2}, Vx*eX*.

The following results concerning the duality mapping are well known (see [2,15]): X is
reflexive, strictly convex and smooth if and only if J is single-valued and bijective. In this
case Jl = J* If X is uniformly convex, then J* is uniformly norm to norm continuous on
each bounded subset of X* and X is strictly convex.

A duality mapping J of a smooth Banach space is said to be weakly sequentially continuous
if x, — x implies that {Jx,} converges weakly* to Jx.

Lemma 2.1 ([16]) Let X be a uniformly convex Banach space. Then for each r > 0, there
exists a strictly increasing, continuous and convex function k: [0, o0) — [0, 00) such that
k(0) = 0 and

Ax 4+ (1 =Myl < Alxl? + 4 = DlIyI? = 20— Dkx — yl)
forallx,y e {z € X ||zl <r}and X € [0, 1].

A function g: X — (—o0, +00] is said to be proper if the set {x € X | g(x) € R} is
nonempty. A proper function g is said to be convex if

glx+ (1 =1y <rgx)+ 1 —=2n1)g(y) (2.2)

forallx, y € Xand X € (0, 1). g isstrictly convex, if the inequality (2.2) is strict. Additionally
g is said to be lower semicontinuous if the set {x € X | g(x) < A} is closed in X for all
reR.
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Let g be a lower semicontinuous, proper and strictly convex function. Assume that g is
Gateaux differentiable on X, and so its Fenchel conjugate g* is also Gateaux differentiable
on X*. The Bregman distance with respect to g is defined as Dy: X x X — R,

Dg(x,y) =gx) —g(y) — (g'(3). x — y). (2.3)

As g is strictly convex and Gateaux differentiable, the function D, (-, y) for any y € X is
nonnegative, strictly convex and D, (x, y) = 0 if and only if x = y.

Given a nonempty closed convex subset C C X and any x € X, the Bregman projection
of x on C with respect to g, which is denoted by I'[féx, is defined as the solution of the convex
optimization problem ngg Dg(y, x), ie.,

¥

Mix: =arg Ivneig Dyg(y, x). (2.4)

The modulus of total convexity of g is the function vg: X x Ry — R, defined as
ve(x, 1) =inf{Dg(y,x): y € X, [ly — x| = 1}. (2.5)

A function g is called totally convex at x if vg(x, ?) > 0 whenever ¢ > 0. A function g is

called totally convex if vg(x, ) > O whenever x € X and t > 0. A function g is called

totally convex on bounded sets if ing vg(x, 1) > 0 for each bounded nonempty subset B of
xXe

X. The total convexity on bounded sets of g is also termed the uniform total convexity of g
(see [6]). If g is totally convex, then v, (x, st) > svg(x,t) foralls > 1,7 > Oand x € X.
The function g is called sequentially consistent [3] if for any two sequences {x,} and {y,}
such that {x,} is bounded and nli)ngo D¢ (yn, x4) = 0 we have nlingo lxn — yull = 0. Also, g
is sequentially consistent if and only if it is totally convex on bounded sets (see Proposition
4.2 in [4]).
Applying the Bregman projection with respect to g, where, except the above assumptions,

g _

g 1is also totally convex or coercive in the sense that lim = 00, we know that the

iyl
lyll—o00
operator l'[gc : X — C C X is well defined and it holds (see Corollary 4.5 in [5]) that

Dyg(y, Ix) + Dy(Tx, x) < Dy(y,x), Vy € C. (2.6)

Let A: X — X* be an operator and A$ be defined as above. When g = % |- 12, we denote
ASx = Ayx.Dueto g’ = (g’)’l, we know that Ax = 0 if and only if x is a fixed point of
AS.

We say that the operator A is inverse-monotone (see [5]) on C relative to g if there exists
areal number o > 0 and a vector z € C such that

(Ay, ASy —2) =0, VyeC. 2.7)

In this case, the vector z involved in (2.7) is called monotonicity pole of A. Denote by Ag
the set of all such vectors. Clearly, Ao is a closed convex subset of C.

If A is inverse-monotone on C relative to g, by Theorem 5.5 in [5], it holds true that
A~10N C # @. That is the set of solutions of Eq. 1.1 is nonempty.

Let7: X = X* be a set-valued maximal monotone operator and C be a nonempty closed
convex subset of X. Usually, We view Ncx as the normal cone for C at a point x € C, i.e.,

Nex ={x* € X* | (y —x,x*) <Oforall y € C}.
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Let

T if
Sv:{ v+ Ncv, ifv e C, 2.8)

@, ifv ¢ C.

When X is areflexive Banach space and int (Dom (T ))NC # ¢, it is known that S is maximal
monotone. Additionally, if X is strictly convex and smooth as well, we denote the resolvent
of S by J, =(J +rS)~'J for all » > 0 and the Yosida approximation of S by B, = Jfri

Lemma 2.2 Suppose X is a reflexive, strictly convex and smooth Banach space. Let T : X =
X* be a maximal monotone operator and C be a nonempty closed convex subset of X. If S
defined as (2.8) is maximal monotone and S~'0 # @, then S710 = Br_IO NC forallr > 0,
and B, is inverse-monotone on C relative to %H - ||> with constant r and S~10 = Bro-

Proof Since v € S7'0 if and only if v = J,v for any r > 0, which is equivalent to
Byv = M =O0foranyr > 0,ie.,v € BV‘IO forr > 0. Also, v € S~!0 means v € C.
Consequently, v € S~10 if and only if v € BloNC forall r > 0.

Let B,,x = J~'(Jx — rB,x). While g = 1| - |2, g’ = J. By (1.2), this is the case that
Brx = B,£x. Since S is maximal monotone and B,x € S(J,x) forall x € X and r > 0, we
have that

(= Brpx, Bex) = (v — J ' (Jx — rB,x), Brx)
=(v—Jx,B.x) <0 (2.9)

forallv € $710,x € X and r > 0, which implies by (2.7) that, for all » > 0, B, is inverse-
monotone on C relative to %H -||> with constant r and S~'0 C B,. Since B¢ C B;IOO C=
5710, we get B,g = S~10. O

Note that in this case we also have S~!'0 = B;710 for all » > 0. Consequently, the Yosida
approximation B, of the maximal monotone operator S is inverse-monotone, moreover, the
monotonicity pole B, relative to constant » of 5, is just S~10.

Recall [3] that an operator B: X — X is called totally nonexpansive with respect to the
function g on the set C if there exists a vector z € C such that

Dy(z, Bx) + Dg(Bx,x) < Dg(z,x),Vx € C. (2.10)

A vector z for which the condition (2.10) is satisfied is called nonexpansivity pole of B with
respect to g.

Lemma 2.3 ([5]) The operator A is inverse-monotone relative to g with constant « if and
only if the operator A%, is totally nonexpansive with respect to g, that is, for some z € C the
following inequality holds:

Dg(z, Ajx) + Dg(ASx,x) < Dg(z,x),V x € C. (2.11)

In this case, z € C is a monotonicity pole of A if and only if it is a nonexpansivity pole of A§,.
Recall that the operator A is nonexpansive on C with respect to g if

Dg(Ax, Ay) < Dg(x,y), Vx,yeC. (2.12)

We say that the operator A is inverse strongly-monotone (see [5]) on C relative to g if A
is inverse-monotone on C relative to g with constant & > 0 and A§ is nonexpansive on C
with respect to g, i.e.,

Dy (A8x, Ay) < Dg(x,y), Vx,yeC. (2.13)
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Let A: X — X* be an operator and C be a nonempty closed convex subset of X. The
variational inequality problem is to find x € C such that

(Ax,v—x)>0

for all veC. The set of solutions of the variational inequality problem is denoted by
VI(C, A).

Lemma 2.4 ([11])Let A: X — X* be an operator and C be a nonempty closed convex subset
of X. If AS is nonexpansive on C with respect to g for some & > 0 and A~'0NC # @, then
x € VI(C, A) ifand only ifx € A'0NC.

Lemma 2.5 ([11]) Let A: X — X* be an operator and C be a nonempty closed convex
subset of X. If A is inverse-monotone, then A~'0N C # @ and x € VI(C, A) if and only if
xeA-lonc.

We say that the operator Aj is strongly nonexpansive on C relative to g (where a > 0) if
there exists A > « such that

Dg(A§x, ASy) < Dg(x,y) + (e — 2)Dg(g"(Ax), g*'(Ay)), Vx,y e C (2.14)

(see [11]). Clearly, if an operator A$ is strongly nonexpansive on C relative to g with constant
A, then it is nonexpansive on C relative to g with constant o > 0.

Recall that g is quadratically homogeneous on X, if g(ax) = o? g(x) forall x € X and
a € R. It is easy to verify that if A = g/, where g is a quadratically homogeneous, lower
semicontinuous and proper convex function on X, then A$ is strongly nonexpansive on X
relative to g (see [11]).

We say that the operator A is strongly inverse-monotone on C relative to g if there exists
some real number o > 0 such that

(Ax — Ay, Afx — Afy) =0, Vx,yeC. (2.15)
When A = g’ and 0 < @ < 1, A is strongly inverse-monotone on C relative to g (see [11]).

Lemma 2.6 ([11]) Let ¥ = A~'0N C. If an operator A is strongly inverse-monotone on C
relative to g, then it is inverse-monotone on C relative to g with Ag = A~'0N C.

The following Lemma is important in our paper.

Lemma 2.7 ([5]) Suppose that the function g : X — R is totally convex on bounded sets
and has bounded Gateaux derivative g’ on bounded sets. If T : C — X is an operator such
that

Dy(Ty,Tx) < Dg(y,x), Vx,y € C,

then for any weakly convergent sequence {x,} S C which has lim D¢ (T x,, x,) = 0, the
n—0o0
vector x = w — lim x, is a fixed point of T.
n—00
The following conclusions are key to our convergence analysis.

Proposition 2.1 Let X be a reflexive Banach space and suppose that the function g : X — R
is lower semicontinuous and totally convex on bounded sets, and g’ is uniformly norm to norm
continuous on bounded sets. Let {x, } be bounded such that || x,,+1 — xp|| = 0asn — oo and
C be a nonempty closed convex subset of X. Suppose that {Dg (v, Xy41) + YnDg (v, x,)} is
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nonincreasing for any v € C, where {y, } is a nonnegative bounded sequence. Then {H%xn}
converges strongly to vy € C, which is the unique element of C such that

lim (Dg(vo, Xn+1) + ¥nDg(vo, X)) = min lim (Dg(v, Xn+1) + ¥uDg (v, xn)).
n— 00 veC n—00
Proof Since {x,} is bounded, lim ||x,+; — x,|| = 0 and g’ is uniformly norm to norm
n—00
continuous on bounded sets, we have that {g’(x,)} is bounded and
g’ (xn) — &' (nt )l = 0 (2.16)
as n — oo. From the convexity of g, we deduce that
(g,(xn—&-l)v Xp — Xpg1) < 8(xn) — g(xng1) < <g,(xn)’ Xp — Xn41)- 2.17)
Hence we have g(x,) — g(x,41) — 0asn — oo. Observe that

Dg(v’ Xpt1) — Dg(va Xp) = g(xp) — g(xp41) + <g/(xn)v v —Xp) — <g/(xn+1), V= Xpt1)
= gxn) — gxpy1) + (g/(xn) - g/(xn+l)s v — Xp)

+ (&' (Cnt1)s Xnt1 — %), (2.18)
we have from (2.16-2.18) and the boundedness of {x,} that
nILH;O(Dg(U, Xn+1) + ]/an(U, Xp) — (1 + Vn)Dg(U’ xn)) =0 (2.19)

holds uniformly for any v € B C C, where B is an arbitrary bounded subset of C. Since
{Dg(v, x441) +yuDg (v, x,)} is nonincreasing for any v € C, itis convergent forany v € C.
By (2.19), we deduce

lim (Dg(Uy Xn+1) + Van(Uv X)) = lim (I + Vn)Dg(U, Xn) (2.20)
n—0o0 n—oo
forany v € C.
Let f(v) = lim (Dg(v, X441) + ¥uDg (v, x,)) forany v € C. Then f (v) is proper convex
n—o0

and nonnegative on C. By (2.20), we have
S @) = lim (1 + y,)Dg(v, xu) (2.21)
n—oQ

for any v € C. Since g’ is uniformly norm to norm continuous on bounded sets, g has
bounded Gateaux derivative g’ on bounded sets. From the proof of Proposition 2.1 in [11]
and the boundedness of {y,}, we know that f is continuous on C. Similarly, f is coercive on
C (see Proposition 2.1 in [11]). Hence the function f has a minimizer v on the set C, i.e.,

f(vo) = min f(v).
veC

By (2.21), we get that f(vg) = lim (1+y;,)Dg(vo, x,). Then, for any & > 0, there exists
n—o00

an integer N > 0 such that

(14 ¥2) Dg(vo, x4) < f(vo) + ¢ (2.22)

for all n > N. From the inequality (2.6) we get
Dy (vo, T§x,) + Do (TG xy, Xn) < Dy (vo, Xn) (2.23)

for all n € N. It results by (2.22) and (2.23) that
(14 ) Dg(Txn, x2) < f(v0) + & (2.24)

foralln > N.
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From the total convexity on bounded sets of g and the boundedness of {x, }, similar to the
proof of Proposition 2.1 in [11], we get that {I'Igcxn} is bounded. For the subset {l'[géx”} ccC
and the above ¢, by (2.19), there exists N; > N such that

[Dg (v, Xn41) + ¥uDg (v, xp) — (1 + ¥u) Dy (v, x5)| < € (2.25)
foralln > Ny and any v € {H‘gx,,}. It follows from (2.24) and (2.25) that

Dg(nﬁxn, Xnt1) + Van(Hﬁ‘xna xn) < (1+ Vn)Dg(H§x1u Xp) + €
< f(vg) + 2¢ (2.26)

for all n > Nj. By (2.26) and the monotonicity of {Dg (v, X,41) + ¥uDg (v, x,)} for any
v € C, we have that

f (o)

IA

S@Exn) < Dg(TE X0, Xptk) + Yo Dg (X0, Xpyk—1)

< Do(IME Xy, Xpg1) + Ya Do (TMx, xy)

< (1+ ) Dg(Ixp, x0) + &

< f(vo) +2¢ 2.27)

foralln > Ny. Then |(1 + )/n)Dg(l'I%x,,, xn) — f(vo)| < € holds for n > Ny, which means
that

IA

lim (1 + ) Dg(TT§x,, X4) = f(v0). (2.28)
n—00
It holds from (2.23) that
1+ )/n)Dg(UOa n%xn) + 1+ Vn)Dg(ng‘xn’ xp) < (1+ Vn)Dg(UOv Xn) (2.29)

for all n € N. It follows from (2.28) and (2.29) that lim D, (vo, Hzéx,l) = 0. The function
n—00

g is totally convex on bounded sets, therefore, it is sequentially consistent. It follows from
the boundedness of {I1%.x,} that lim [vg — [1%.x,| = 0. ]
c n—o00 c

Proposition 2.2 Let X be a reflexive Banach space and suppose that the function g : X — R
is lower semicontinuous and totally convex on bounded sets, and g has bounded Gateaux
derivative g’ on bounded sets. Let {x,} be bounded and C be a nonempty closed convex
subset of X. Suppose that {Dgy(v, xy41) + vaDg (v, x,)} is nonincreasing for any v € C,
where {y,} is a nonnegative sequence and nli)nolo Vn = 0. Then {H%xn} converges strongly to

vo € C, which is the unique element of C such that

lim (Dg(vo, Xn+1) + Van(UO’ X)) = min lim (Dg(v, Xn+1) + )’an(v, Xn)).
n—oo veC n—oo

Proof By the inequality
(M) — () < (8 (M), M — ).
we deduce
Dy (MM, %) = (k) = 8kn) = (&' ), Tt — )

= <g/(H§‘xm) - g/(xn)7 Hﬁ‘xm - xn)
< llg'(Mgxm) — &' @)l - ITExm — xall. (2.30)

Since {x,} and {H%xn} are bounded, and g has bounded Gateaux derivative g’ on bounded
sets, we obtain by (2.30) that {D, (l'[gcxm, Xp)} is uniformly bounded for all m € N.
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Let f(v) = lim (Dg(v, X441) + ¥nDg (v, x,)) for any v € C. Similar to the deduction
n—0o0
of (2.30), {Dg (v, x,,)} is bounded. It follows from lim y, = O that

n—o0

f) = n“l‘éo Dy (v, xp) (2.31)

for any v € C. By the proof of Proposition 2.1 in [11], f has a minimizer vy on the set C,
ie., lim Dg(vo, x,) = f(vo) = min f(v). Moreover, lim y,,Dg(l'IZéxm,x,,) = 0 holds
n—o00 veC n—o00

uniformly for any m € N. Then, for any ¢ > 0, there exists an integer N > 0 such that

Dy (vo, xp) < f(vo) + ¢ (2.32)
forallm > N, and
YaDg(MExp, xp) < & (2.33)
forallm € Nand n > N. Due to (2.23), (2.32) and (2.33), we have
f@o) < f(Mxni1) < Dg(Mgxnr1, Xntk) + Vark—1 Dg (M Xn1, Xnpk—1)
< < D(MEXni1s 1) + Va Dg (Mg xnt1, Xn)
< f(vo) +2¢ (2.34)
for all n > N. It results by (2.34) that, foralln > N,
|Dg (M Xn11, Xnt1) + Yu Dg (M Xn11, X0) — f(v0)| < 2e. (2.35)
It follows from (2.33) that
|Dg (¢ X 41, Xnt1) — f(v0)| < 3¢ (2.36)

for all n> N. Similar proof to the last part of that of Proposition 2.1 yields
lim [vg — Hfx, |l = 0. o
n—o00

Let {x,} C X be a sequence. Denote by {xn}ws the weak sequential closure of {x,}, i.e.,
the set of all points x for which there exists a subsequence {x,,} of {x,} converging weakly
to x.

Lemma 2.8 Let X be a Banach space and g’ be weakly sequentially continuous. Let {x,}
be a sequence such that ||x,+1 — x,|| = 0 asn — oo and its any subsequence has a weakly
convergent subsequence. Suppose that lim (Dg (v, Xp11) + ¥uDg (v, X)) is finite for any
n—oQ
v e {xn}ws, where {y,} is a convergent sequence and lim y, # —1. Then {x,} is weakly
n—o0o
convergent.

Proof Clearly, {xn}ws #0. Let {xn,} and {x,;} be two subsequences of {x,} such that
. . —ws .

Xp; — z and Xp; —w as i, j — 00. Then z and w belong to {x,} . By given assump-

tion, nanc}o(Dg (Z, Xn+1) + ¥ Dy (z, xp)) and nll)ngo(Dg (W, Xnt1) + ¥n Dy (w, xp,)) exist.

Since [|xy4+1 —Xu || = 0, we have x,; 41 — was j — 00. Since g’ is weakly sequentially
continuous, we have that {g'(x,;)} and {g’(x,,+1)} converge weakly* to g'(w) as j — oo.
Then lim (z — w, (1 4+ y,;)8"(w) — (8’ (Xn;+1) + ¥n,; &' (xn;))) = 0. From the equality

Dg(zsxanrl) + J/nng(Z7xn,-) = (1 + an)Dg(Za ll)) + (Dg(wy xanrl) + anDg(W,xnj))

+(z = w, (14 y;)g" (W) = (&' nj41) + ¥u; 8 (),
(2.37)
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we have
lim (D¢ (2, Xn+1) + ¥nDg(z, X1))
n— 00
= jli)n;O(Dg(Z, an+1) + Vn; Dy (z, xnj))
= lim (1 + Vn;)Dg(Z, w) + lim (Dg(w»xn/-H) + Vn,-Dg(wvxn/))
j—oo ’ j—oo ’

+ 1im (2 — w, (1+ 78 @) — (& 1) + Y, 8 ()
j—o00
= (1+ lim Vn)Dg(Z, w) + lim (Dg(w» Xnt1) + Vau Dg(W, Xn)). (2.38)
n—00 n—00
Similarly, we also get
lim (Dg(ws Xnt1) + Van(W, Xxp)) = (I + lim Vn)Dg(w, 7) + lim (Dg(Zy Xn+1)
n—0o0 n—oo n—0o0
+ J/an(Z, Xn)). (2.39)
Adding (2.38) and (2.39) side by side we obtain that
lim (Dg(w7 Xpt1) + Van(wa Xp)) + lim (Dg(z» Xpt1) + Van(Z’ Xn))
n—00 n—00
=1+ lim y,)(Dg(w, 2) + Dg(z, w)) + lim (Dg(w, xp41) + ynDg(w, Xx4))
n—0o0 n—o0
+ lim (Dg(z, xn+1) + vnDg (2, xn)).
n—00

Since lim y, # —1, we conclude that D¢ (w, z) + D4 (z, w) = 0, which implies that w = z.
n—oo
O

Lemma 2.9 Suppose that X is a Banach space and g’ is weakly sequentially continuous.

Let {x,} be a sequence such that its any subsequence has a weakly convergent subsequence.

Suppose that 1im (Dg (v, x441) + ¥uDg (v, X)) is finite for any v € {xn}ws, where {y,} is
n—0o0

a sequence and lim y, = 0. Then {x,} is weakly convergent.
n—o00

Proof Let {x,,} and {xnj} be two subsequences of {x,} such that x,, — z and Xnj = W
as i, j — oo. Since g’ is weakly sequentially continuous, {g’ (xn;)} converges weakly* to
g'(w) as j — oo. On the other hand, there exist a subsequence {x;, i _1}of {xnj_l} and some
u € X such that x,; 1 — u as [ — 00, and so {g’(x,,jl_l)} converges weakly* to g’ (u). It
results by lim y, = 0 that

n—oo

ll—iIEO(Z - w? (1 + anl—])g,(w) - (g/(xn”) + yf’lj[—lgl(xnj,—l))>
= lim (Z —w, gl(w) - g/(xnj]» + lim V;z]-fl(Z —w, g/('UJ) - g/(xnj[71)> - O
[—o00 [—00
(2.40)

Replacing Xnj+1s Vn, and Xn; by Xnj s Vnj—1 and Xnj 1 in (2.37), respectively, we get

lim (Dg(z, Xn+1) + ¥uDg (2, xn))

n—0o0

= lirgo(Dg(z, Xnj ) + ¥nj,—1Dg (2, Xn; —1))

= lirgo(l + )’n_,-,—l)Dg(Zs w) + ll_iglo(Dg(uh xnj]) + Vn,-l—ng(wa xn_,-l—l))

+ 1im (z — w, (1 + yn, )& (W) = (&' (xn; ) + ¥ —18" (Xnj 1))
=00 i it it i
= Dy(z,w) + lim (Dg(w, 1) + Y Dg(w, x,)). (241)
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Similar to the last part of the deduction of Lemma 2.8, we conclude that w = z. O

Corollary 2.1 Let X be a Banach space and suppose that g has bounded Gateaux deri-
vative g’ on bounded sets and g’ is weakly sequentially continuous. Let {x,} be a bounded
sequence such that its any subsequence has a weakly convergent subsequence. Suppose that

lim (Dg (v, Xp41) + ¥ Dg (v, X)) exists for any v € {xn}ws, where {y,} is a sequence and
n—oo

lim y, = 0. Then {x,} is weakly convergent.
n—o0

Proof By the inequality
g() — g(xn) = (g'(V), v —xn),

and

Dg(v, xp) = g(v) — g(xn) — (g/(xn)v vV — Xp)
= (g,(v) - g/(xn), v — Xn)
< llg' ) — &' )l - llv = x4l (2.42)

for any v € X, applying the boundedness of g’ on bounded sets, it is easy to verify that
{Dg (v, x,)} is bounded. Consequently, lim (Dg (v, Xp41) + yuDg (v, x,,)) is finite for any
n—0o0

v e {xn}ws. The conclusion follows from Lemma 2.9. O

In the sequel we consider the properties of the Bregman distance and the Bregman pro-
jection with respect to || - ||2.
Let X be a smooth Banach space. Consider now the following function

B, x): = [yI* = 2(y, J(0)) + |x|?, forallx, y € X,

which is called the Lyapunov function in [1]. It is obvious from the definition of ¢ that the
Bregman distance D (y, x) isjust¢ (y, x) whenever g = |- 1%, and (J|x || — ||y||)2 <¢(y,x) <
(llxll + llyI)? for all x, y € X.

It is well known that if a Banach space X is uniformly convex, then || - 1% is totally convex
on bounded sets.

The following Lemma shows that a uniformly convex Banach space is sequentially
consistent.

Lemma 2.10 ([4,10]) Let X be a smooth and uniformly convex Banach space and let {x,}
and {y,} be sequences in X such that either {x,} or {y,} is bounded. If lim ¢ (x,, y,) =0,
n—oo

then lim ||x, — y,|| = 0.
n—oo
Define a function V: X x X* — R as follows:
Ve, x®): = x> = 20x, %) + |12

forallx € X andx* € X*. Thenitis obviousthat V (x, x*) = (x, J~'(x*))and V (x, J (y)) =
o (x, y).

In the following we assume that X is a reflexive, strictly convex and smooth Banach space.
Let C be a closed convex subset of X. Considering g = || - ||, in this case, the Bregman
projection Hé is exactly the operator

[ex: =argming(y, x),
yeC

@ Springer



620 J Glob Optim (2009) 44:609-629

which is said to be the generalized projection of x on C (see [1]).
In this case the inequality (2.6) is as follows:

¢y, Hex) +¢(Tlcx, x) < p(y,x), Vy eC, (2.43)

which implies that the operator I1¢ gives the best approximation of x € X relative to the
functional ¢ (y, x) (see [1]). Consequently, I1¢ is the conditionally non-expansive operator
relative to the functional ¢ (y, x) in Banach spaces, i.e.,

¢y, Mcx) <¢(y,x), VyeC.

The operator [I¢c: X — C C X is identity on C, i.e., forevery x € C, [Icx = x.Ina
Hilbert space H, J is an identity operator, ¢(y, x) = ||y — x||? and IT¢ coincides with the
metric projection operator Pc.

Note thatif g = % lI-11? (in this case Dg(y,x) = %qb(y, X)), by the definition of the Bregman
distance, the Bregman projection and the total convexity of g, we know that the Bregman
projection is the same operator and g is totally convex as in that case when g = || - ||%.

The following result is of great importance (see [1]):

Lemma 2.11 (Basic variational principle for the generalized projection) Assume that C is
a closed convex subset of X. Then x = Ilcx is the generalized projection of x on C if and
only if the inequality

(J(x)—J@X),y—x)<0 (2.44)

holds forall y € C.

3 Convergence theorems

When X is a uniformly smooth and uniformly convex Banach space whose duality mapping
J is weakly sequentially continuous and g=| - ||>, we can easily see that in this case
D¢ (x,y) = ¢(x, y) and Proposition 2.1, Proposition 2.2, Lemma 2.8 and Lemma 2.9 are all
satisfied, in which g verify the assumptions of the results in Sect. 2.

In addition, an operator A: X — X* is called hemicontinuous if it is continuous along
each line segment in X with respect to the weak™ topology of X*. Let S: X = X* be a
set-valued mapping. G (S) is always referred to be the graph of S.

Lemma 3.1 Let X be a reflexive, strictly convex and smooth Banach space, and C be a
nonempty closed convex subset of X. Suppose that A: X — X* is an inverse-monotone
operator on C relative to %H - |2 with constant « > 0. Let {x,} be a sequence defined as

x0,x1 € C,
in = -]71((1 — Bu)J (Agxn) + BuJ (Agxn—1)), 3.D
Xn+1 = Ilczn

for all n eN, where xg, x| are two arbitrary elements in C and {8,} C [0,1) is a
nonincreasing sequence. Then the sequences {x,} and {Ayx,} are bounded, and {¢ (v, x,,) +
Bn—1¢0 (v, x,—1)} and {p (v, Agxy) + Br—19 (v, Agxn—1)} are nonincreasing and have the
same limit for any v € Ao, where Ay is the monotonicity pole of A relative to constant «.
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Proof Fixv € Ay. Since A is inverse-monotone on C relative to %H -||I® with constant o > 0,

applying Lemma 2.3 to g = %II - ||* and noticing {x,} C C, we get that the inequality

(v, Agxy) + @ (Agxn, xp) < PV, xp) (3.2)
holds for all n € N. By (2.43) and (3.2), we have

¢, xpy1) = ¢ (v, czn)
< ¢, czn) + ¢UTczn, 2n)
< ¢, z0) = V(v, J(zn))
=V, (1 = B)J(Aaxn) + BnJ (Auxn—1))
< (1 =BV (v, J(Agxn)) + BnV (v, J(Aaxn-1))
= (1= B¢ (v, Agxn) + Bnd (v, Agxn—1)
< (1= B)é W, xu) + Bud (v, xn-1) (3.3)

foralln € N. Adding 8,,¢ (v, x,,) on both sides of (3.3) and noting that {8, } is nonincreasing,
we obtain

O, Xpt1) + Bud (v, xp) < G, x,) + Bud (v, X—1)
= ¢, xun) + Bp—190, Xp—1). (3.4
This implies that the nonnegative real number sequence {¢ (v, x,) + Bn—1¢ (v, X,—1)} is

nonincreasing for any v € Ag. So, it is convergent for any v € Ag. By (3.2) and (3.3), we
get, forany n € N,

¢, AgXny1) < ¢, xp1) = (1 = Bu)@ (v, AgXn) + Bnp (v, Agxn—1). (3.5)

Similarly,
O, Agxpr1) + Bnd (v, Agxn) < ¢ (v, Agxn) + Bu—10 (v, AgXy—1). (3.6)

Since ([lxal — [vID* < ¢, x2) < GV, x1) + Bu—1$ (v, Xu—1), from (3.4), we have that
{x,} is bounded. From (3.6), {Aqx,} is bounded.
It follows from (3.1), (3.3) and (3.2) that

&, Xn42) + Bnt19 (v, Xn1) < O, Znt1) + Prr10 (v, 70)

= V@, (1 = Butr)J (Aaxn+1) + Bat1J (Agxn))) + But1 V (v, (1 — B)J (Aaxn)
+Bnd (Agxn—1))) < (1 = Bur D)V (v, J(AgXn+1)) + Bn1V (v, J (AgXn))
+Bu+1(1 = BV (v, J(Agxn)) + But182V (v, J (Agxn—1))

< (1= Bu+1)(V (v, J(AgXn+1)) + Bnr1V (v, J(Agxn))) + But1(V (v, J (Agxn))
+ BV (v, J(Agxn-1))) = (1 = By 1)(@ (v, AgXnt1)
+Bnd (v, Aaxn)) + But1(P (v, Agxn) + Bu—1$ (v, Agxn—1))

< (1= Bu+1) (@, xp+1) + Bud (0, Xn)) + But1(P (v, Xn) + 19 (v, xp—1))  (3.7)

for all n € N, where the second inequality in (3.7) is due to the convexity of V (v, -) and we
also use the monotonicity of {8,}. Hence we have by (3.7) that

Jim @, %) + B 16, x,m1) = Hm @, Aaxn) + fuo19 (0, Aaa-1)). (3.8)

[m}
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Lemma 3.2 Let X be a reflexive, strictly convex and smooth Banach space, and C be
a nonempty closed convex subset of X. Suppose that A: X — X* is an operator such
that Ay is nonexpansive on C relative to %H e for some a > 0. Let {x,} be a sequence
defined as (3.1) and {B,} be chosen according to Lemma 3.1. If $ £ Co=A"'0 N C,
then the sequences {x,} and {Ayx,} are bounded, and {¢ (v, x,,) + Bn—1¢ (v, xp—1)} and
{d (v, Auxn) + Br—10 (v, Aqxn—1)} are nonincreasing for any v € Co, which have the same
limit.

Proof Take v € Cy. Since A, is nonexpansive on C relative to %H )12
A~'0and {x,} C C, we have that

,noting thatv € Cy C

¢, Agxn) = P(Aqv, Agxpn) < P (v, xp) (3.9

for any n € N. By (3.1), (2.43) and (3.9), we get that

O, xp41) < @(v, 2p)
=< (1 - ﬂn)¢(v» Aotxn) + ,Bn‘p(v’ Aocxn—l)
= (=B, xp) + B (v, Xn—1) (3.10)

for any n € N. By using similar arguments as those in the proof of Lemma 3.1, we deduce
by (3.10) and the monotonicity of {8, } that {¢ (v, x,) + Bu—1¢ (v, x,—1)} and {¢ (v, Axx,) +
Bn—1¢ (v, Ayx,—1)} are nonincreasing for v € Cop, and so {x,} and {A,x,} are bounded.
The same inequality as (3.7) follows from (3.1), (3.10) and (3.9), in which the last inequa-
lity is due to (3.9), and so the equality (3.8) follows. ]

Theorem 3.1 Let X be a uniformly smooth and uniformly convex Banach space whose
duality mapping J is weakly sequentially continuous, and C be a nonempty closed convex
subset of X. Suppose that A: X — X* is a hemicontinuous, monotone and inverse-monotone
operator on C relative to %H - |12 with constant @ > 0. Let {x,} be a sequence defined as

(3.1), and {B,} be chosen according to Lemma 3.1. If A='0 N C = Ag, then the sequence
{xn} converges weakly to u, which is the unique element of Ao such that

Jim (e, 00) + Brot b (e, 3a) = min B (60, x) + B 190, xa-1).

Proof We take v € Ag. From (3.8) in Lemma 3.1 and the inequality

D (AaXn, xn) < ¢, x4) — P (v, AgXy)
< (@, xy) — P, Agxn)) + Bu1(P(v, xp—1) — P (v, AgXp—1))
= (¢ (v, xp) + Br—10 (v, X4—1)) — (@ (v, Agxp) + Ba—10 (v, Agxn—1)),

(3.11)
it follows that
lim ¢(Ayx,, x,) =0. (3.12)
n—oo
Since {x,} is bounded, we get by Lemma 2.10 that
lim ||Agx, —x,]| =0. (3.13)
n—oo
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By the uniform smoothness of X, it follows from (3.13) that
lim ofAxy |l = lim [[(Jx, — aAx,) — J(x0) ||«
n—oo n—oo
= lim 17 (T xn — aAxy)) — J () |l
= nli)rgo IV (Agxn) — J (xn) |l = 0. (3.14)

Since {x,} is bounded, {x,} has a subsequence {x,,} which converges weakly to some
uecC.
We next prove u € A~'0. Let

Av+ Nev,  ifveC,
Sv:{ vt ANev, dtve (3.15)

g, ifv¢C.

Since A is hemicontinuous and monotone (see [14]), S is maximal monotone and v € S~'0
ifand onlyif v € VI(C, A). Since A is inverse-monotone on C relative to %ll -|I?, by Lemma
2.5,v e S~'0ifand only if v € A™10 N C. Let (v, v*) € G(S). Then, we have

v* € Sv = Av + Ncv,
and hence v* — Av € N¢v. Thus, we have

(v—w,v* —Av) >0 (3.16)
for all w € C. From {x,} C C and (3.16), we have

(V= X5, V") = (v — xp;, AV)
= (v —xp;, AV — Axp;) + (v — Xp;, Axyp,)
(v —xp;, Axp;) (3.17)

%

for all i € N. Therefore, letting i — oo, we obtain by (3.14) that (v — u, v*) > 0. Since S
is maximal monotone, we have u € S~!0 and hence u € A~10NC = Ap. This implies that
{xn}ws is included in Ag. So, we get that {¢ (v, x,41) + Bn® (v, x,,)} is convergent for any
ve ).

We distinguish the following two possible situations: Either (i) lim B, >0 or (ii)) lim
n—oo n—oo
B, =0.

Case (i): Due to (3.7) and the fact that both sides of (3.7) have the same limit, both sides
of the second inequality in (3.7) have also the same limit. Then the right side of the second
inequality in (3.7) minus the left side tends to O, that is

(A =Bt DV (v, J(AgXn41)) + Bu1 V (v, J(Agxn)) = V (0, (1 = Buy1)J (AaXny1) +
Bnv1J (Aaxn)))) + (Buy1(L = Bu) V (v, J(AaXn)) + But1BnV (v, J(AaXn-1))
=BtV (@, (I = Bu) J (AaXn) + BnJ (Aaxn—1)))) = 0 (3.18)

In fact, the right side of the second inequality in (3.7) minus the left side is just (3.18).

Moreover, in lines —1—- —9 of page 14 and line 1 of page 15, we have changed the following
proof
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“Noting that the two terms in (3.18) are both nonnegative, we deduce by (3.18) that

(1 = Bus DI (AaXns DIZ + Bust 1T (Aaxi) 17 — 11 = Bus1)J (AgXnt1)
+Bn1J (Agxn) I3
= (1= Bus DI = 2(v. J(Agxnt1)) + 1T (AaXns D)
+ Bart (10117 = 2(v, I (Aaxa)) + 1 (Aqxa)]12)
— (01 = 2, (1 = Bus)J (AaXns1) + Bus1J (Agxn)))
1= Bur DI (Aaxnt1) + Bt I (Aaxn) 1)
= ((1 = Bus DV (0, J (AaXns1)) + Bas1 V (v, J (Agxn))
— V@, (1 = Butr DI (Aaxnt1) + Bus1 (Agxn)))) — 0,

which is the first term in (3.18)” as:

“ Noting that the two terms in (3.18) are both nonnegative ‘by the convexity of V (v, -)’,
we deduce by (3.18) that

0 < (1= Bus DV, J (AaXns1)) + Bus1 V (v, J (Agxn))
— V@, (1 = Bar DI (AgXns1) + Bus1J (Aaxn)))
= (1= BusDWI1* = 2(v, T (AgXn41)) + 1T (Aa X 1) 1)
+ Burr (10117 = 2(v, J (Agxn)) + 1 (Agxn) 1)
—(vl1* = 2v, (1 = Bus-)J (AaXns1) + Bus1J (Agxn)))
(1 = Bus1) I (AaXns1) + Bur1J (Aaxn)|2)
= (1= Bus DI Aans DIZ + Bt 1T (Aax) 1> = (1 = Brs1) I (AaXns1)
+ Bt J (Aaxn) |17,

which is the first term in (3.18)”. L.e., the sum of the two nonnegative terms in (3.18) tends to
0 implies each term converges to 0. Since X is uniformly smooth, X* is uniformly convex.
Since {J(Aqx,)} is bounded, by Lemma 2.1, there exists a strictly increasing, continuous
and convex function k*: [0, 00) — [0, o) such that £*(0) = 0 and

(1= B )J (AgXnt1) + Bui1J (Agxn) |12
< (1 = Bus DI (AaXns D12 + Bt 1T (Agxa) 12
—Bus1 (1 = Bur DK (1 (AgXnt1) — T (Agxn)ll)

for all n € N. Since k* is strictly increasing, it follows from £*(0) = O and lim B, > O that
n—oo

1 (Agxnt+1) — J(Agxp)]lx — 0as n — oo. Since X is uniformly convex, X* is uniformly
smooth. So, we have || Ayx,+1 — AgXn|| = 0 as n — co. Hence we deduce by (3.13) that

”xn+l - xn” =< ||Aotxn+l — Xn+1 ” + ||Aotxn+l - Aotxn” + ”Aotxn - xn” — 0. (319)
It follows from Lemma 2.8 that x,, — u.
By the definition of A, we know that it is a closed convex subset of C. Put u, = ITg,x,.

From (2.44) and u € Ay, We have

(w—up, J(uy) — J(x,)) = 0. (3.20)
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By Proposition 2.1, {u,} converges strongly to some uq, which is the unique element of Ag
such that

Jim (0. xn1) + Bup o, ) = min lim (v, xu1) + Bad (0. x). (B.21)

Since J is uniformly norm to norm continuous on bounded sets and weakly sequentially
continuous, by (3.20), we conclude

(u —uo, J(uo) — J(u)) = 0.

It follows from the strict monotonicity of J that u = ug.

Case (ii): Noting that lim B, =0and lim (¢ (v, X,+1) + Bn® (v, X)) is finite for any v €
n—0o0 n—o00

mws, we obtain by Lemma 2.9 that x,, — u.

In a similar way as in the last part of the proof of case (i), by Proposition 2.2, {u, } converges
strongly to u, where u, = IT4,x, and u is the unique element of A such that (3.21) holds.
So, the conclusion follows. O

Corollary 3.1 Let X be a uniformly smooth and uniformly convex Banach space whose
duality mapping J is weakly sequentially continuous, and C be a nonempty closed convex
subset of X. Suppose that A: X — X™* is a hemicontinuous, monotone and strongly inverse-
monotone operator on C relative to %II - |* with constant a« > 0. Let {x,} be a sequence
defined as (3.1), and {B,} be chosen according to Lemma 3.1. If  # Co = A~'0N C, then
the sequence {x,} converges weakly to u, which is the unique element of Co such that

lim (¢ (u, xn) + Bp—19(u, x4—1)) = min lim (¢ (v, xp) + Bu—19 (v, Xu—1)).
n—oo I)EC() n—o00
Proof Since A~'0 N C # ¢ and A is strongly inverse-monotone on C relative to %H 1%,

by Lemma 2.6, A is inverse-monotone on C relative to %H 1?2 and A7'ON C = A. By
Theorem 3.1, the conclusion follows. O

Theorem 3.2 Let X be a uniformly smooth and uniformly convex Banach space whose
duality mapping J is weakly sequentially continuous, and C be a nonempty closed convex
subset of X. Suppose that A: X — X* is an operator such that Ay is strongly nonexpansive
on C relative to %II 12 for some a > 0. Let {x,} be a sequence defined as (3.1), and {B,} be
chosen according to Lemma 3.1. If § # Co = A~'0 N C, then the sequence {x,} converges
weakly to u € Co. In addition, if Cy is a closed convex subset of C, then u is the unique
element of Cy such that

Jim (8Ge, 20) + Buod (e, 20) = min lim (6 0.x) + B 190, x0-1). (322)

Proof Due to Lemma 3.2, {x,} is bounded, and so {x,} has a subsequence {x,,} which
converges weakly to some u# € C. Next we prove u € A~'0. Since A, is strongly nonexpan-
siveon C,v € Cy € A~10 and {x,} C C, there exists some A > « such that

¢(Uv Aotxn) = ¢(AOIU7 Aaxn)
< ¢ (v, x,) +al@ — 1P (Av), T (Axy))
< ¢, xn) (3.23)

@ Springer



626 J Glob Optim (2009) 44:609-629

for any n € N. Then, by (3.23) and Lemma 3.2, we have from the nonnegativity of {8, } that

0<a(—a)p(J (Av), T (Ax,))
< (v, xp) — P (v, Agxy)
< o, xy) — P, Agxy) + Br—1(@ (v, xp—1) — P (v, AgXn—1))
= (¢, xp) + Bn—10 (v, xu—1)) — (¢ (v, Agxn) + Br—19 (v, Agxn—1)) = 0(3.24)

as n — 00, noting that v € A0, and hence we deduce by (3.24) that
1Ax, 117 = ¢ (J ™" (Av), T~ (Ax,)) — 0. (3.25)
By (3.25) and Lemma 3.2, we also have

0 < ¢(Agxy, xn)

= ¢, xp) — (v, Agxp) — 2{v — Agxp, J (Agxn) — J (X))

< ¢, xn) — ¢V, Agxn) + 2|lv — Agxnll - |/ (Aaxn) — J (xn) [l

< ¢, xn) — P, Agxy) + MIIJ(Agxn) — J (x) |5

= ¢, xp) — ¢ (v, Agxp) + Mol Axy |«

< ¢, xp) + Buo190 (v, x4—1) — (P (v, Agxn) + Bu—190 (v, AgXn—1))

+Ma|Axy |l — 0 (3.26)

as n — oo, where M = sup 2||lv — Ayx, | and the first equality is due to the definition of ¢.
This yields ¢ (Agxp, x,,)ni 0. Since {x,;} converges weakly to u, it follows from Lemma
2.7 that u is a fixed point of A,. Hence u € A~10 and so u € Cp. This implies that
mws is included in Cy. Thus we have that nli)ngo(qb (v, x) + Br—1¢ (v, x,—1)) exists for any

—ws

v € {xu}
Suppose that lim B, > 0. By the same arguments as those of Theorem 3.1, it follows
n—oo

from the same inequality as (3.7) and the uniform convexity of X™* that ||J(Agxu+1) —
J(Agxp) |« = 0asn — oo. This shows together with (3.25) that

I (xnt1) = Tl = 1 (Kng1) — € Axpt1) + @ Axpyr — (J (xn) — @Axp) — @ Axp |«
< W (Agxpy1) — J(Agxp) s + al|Axpq |15 + @l Axg [« — 0.

(3.27)
Then it holds from the uniform smoothness of X* that
lim |x,41 — x,]l = 0. (3.28)
n—00

It follows from Lemma 2.8 that x,, — u.

Suppose that Cy is a closed convex subset of C. From the last part of the proof of case (i)
of Theorem 3.1, by Proposition 2.1, {u,} converges strongly to some u, where u,, = I¢,x,
and u is the unique element of C¢ such that

Jim (6 x0) + B0 x 1)) = min lim (6 ..x0) + Bu1 (0. 50-1)). (3:29)

When lim B, = 0, noting that lim (¢ (v, x,,) + Br—1¢ (v, x,—1)) is finite for any v €
n—00 n—oo

{xn}ws, it follows from Lemma 2.9 that x,, — u.
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Suppose that Cy is a closed convex subset of C. By Proposition 2.2, {u,} converges
strongly to u, where u,, = Ilc,x, and u is the unique element of C¢ such that (3.29) holds.
So, the conclusion follows. O

Corollary 3.2 Let X be a uniformly smooth and uniformly convex Banach space whose
duality mapping J is weakly sequentially continuous, and C be a nonempty closed convex
subset of X. Suppose that A: X — X* is a hemicontinuous and monotone operator such that
Ay is strongly nonexpansive on C relative to %H . ||2for some o > 0. Let {x,} be a sequence
defined as (3.1), and {B,} be chosen according to Lemma 3.1. If ) # Co = A~'0N C, then
the sequence {x,} converges weakly to u, which is the unique element of Cq such that (3.22)
holds.

Proof From Theorem 3.2, it is sufficient to show that Cy is a closed convex subset of C. Let

[Av+ch, ifvedC,

Sv=1y, ifvecC.

Since A is hemicontinuous and monotone, S is maximal monotone and v € S~10 if and only
ifve VI(C, A). Since A, is a strongly nonexpansive operator on C relative to %H 13, itis
nonexpansive on C relative to %ll - ||*>. Noting that A~'0 N C # @, by Lemma 2.4, we get
that v € 710 if and only if v € A~'0 N C. The maximal monotonicity of S guarantees that
Co=A"'0NC = S !0is a closed convex subset of C. ]

Theorem 3.3 Let X be a uniformly smooth and uniformly convex Banach space whose
duality mapping J is weakly sequentially continuous, and C be a nonempty closed convex
subset of X. Suppose that A: X — X* is an inverse strongly-monotone operator on C relative
to %II - |1? with constant o > 0. Let {x,} be a sequence defined as (3.1), and {B,} be chosen
according to Lemma 3.1. Then the sequence {x,} converges weakly to u. In addition, if
Co = A0 N C is a closed convex subset of C, especially Co = Ao, then u is the unique
element of Cy such that

lim (¢ (u, xn) + Bu—1¢(u, x,—1)) = min lim (¢ (v, xp) + Br—19 (v, xx—1)), (3.30)
n—00 veCy n—>00
where A is monotonicity pole of A.

Proof Since A is inverse-monotone on C relative to %H -||? with constant & > 0, by Theorem

5.5 in [5], we have Cy # . Take v € Cy. Since A, is nonexpansive on C relative to %H . ||2,

by Lemma 3.2, we have that lim (¢ (v, x,,) + Bu—19 (v, x,—1)) and lim (¢ (v, Agxn) +
n—oo n—o0

Bun—1¢ (v, Agx,—1)) exist for any v € Cp, and

Jim @, %) + B 16, x,m) = im (@, Aaxin) + Buo16 (¥, Ag¥a—1)). (331)

Fix v € Ag € Cy. Since A is inverse-monotone on C relative to %H 1% and {x,,} C C,
we have that (3.11) holds true. Due to (3.11) and (3.31), we get that

lim ¢ (Agxn, xp) = 0. (3.32)
n—o00
This means by Lemma 2.10 that
lim [|Agx, — x,|l = 0. (3.33)
n—oo

Since {x,} is bounded, {x,} has a subsequence {x,,} which converges weakly to some
u € C.Since A, is nonexpansive on C relative to %H -||?, from (3.32), Lemma 2.7 yields that
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u is a fixed point of Ay. Hence u € A~10, and so u € Cy. This shows that {xn}ws is included
in Co. Hence we have that lim (¢ (v, x,) + Br—1¢ (v, x,—1)) exists for any v € {xn}ws.
n—00

Suppose that lim g, > 0. Since A is inverse-monotone on C relative to %ll 1, by the
n—oo
same proof as that of Theorem 3.1, it follows that lim ||Ayx,+1 — AqXn || = 0. Similar to
n—o0
(3.19), we have together with (3.33) that

lim [lxp41 — x|l = 0. (3.34)
n— 00

It follows from Lemma 2.8 that x,, — u.

If Co is a closed convex subset of C, similar to the proof of case (i) of Theorem 3.1, the
conclusion follows from Proposition 2.1. Especially, when Cy = Ay, by the closedness and
convexity of Ag, we conclude that Cy is a closed convex subset of C. So the conclusion holds.

When nhﬁrr;o Bn = 0, noting that nler;o(¢(v, Xn) + Bn—1¢ (v, x,—1)) is finite for any v €

{xn}ws, it follows from Lemma 2.9 that x,, — u.
If Cp is a closed convex subset of C, especially, Co = Ag, the conclusion follows from
Proposition 2.2. O

Corollary 3.3 Let X be a uniformly smooth and uniformly convex Banach space whose
duality mapping J is weakly sequentially continuous, and C be a nonempty closed convex
subset of X. Suppose that A: X — X* is a strongly inverse-monotone operator on C relative
to %II <112 with constant o > 0 such that Ay is nonexpansive on C relative to %II 12, Let {x,}
be a sequence defined as (3.1), and {B,} be chosen according to Lemma 3.1. If § # Co =
A~'0NC, then the sequence {x,} converges weakly to u, which is the unique element of C
such that (3.30) holds.

Proof Since A~'0 N'C # ¢ and A is strongly inverse-monotone on C relative to %H 1%,

by Lemma 2.6, A is inverse-monotone on C relative to %H -I2and A~'0N C = Ag. Thus,
@ # Co=A"'0NC = Ag. By Theorem 3.3, the conclusion follows. O
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